We adapt a biomechanical argument of Rashevsky, which places limits on the stress experienced by a torso supported by the legs, to deduce that body mass m of growing children should scale as the pth power of height h with 7/3 < p < 8/3. Further arguments based on stability and heat loss suggest that p should be close to 8/3. The arguments are extended to suggest that waist circumference w should scale as h q with q near the lower end of 2/3 ≤ q ≤ 1. Data from Hong Kong and British children are consistent with these hypotheses.
Introduction
Considered in the light of scaling arguments, the Body Mass Index (BMI; Keys et al., 1972) , an individual's mass m (in kilograms) divided by the square of his or her height h (in metres), is intriguing. First, it is not scale-invariant: if two individuals have the same body shape, but one is r times taller and thus of r 3 times greater mass than the other, then the taller's BMI is r times greater. If BMI is to be a predictor of health and longevity, the implication is that, for a given body shape, taller people are less healthy-but then this may well be so (Samaras et al., 2002) . Such considerations become stark if we compare humans in all stages of development: a two-metre man with the body shape of a toddler is probably very unhealthy indeed.
If mass scales as the cube of height (m ∼ h 3 ), it is easy to think of physical characteristics which might be related to health and which scale like mh −2 . Waist circumference is then proportional to BMI; and waistline is perhaps a better indicator of health than BMI (Janssen et al., 2004) . Blood pressure would scale as the height of the effective column over our feet and thus like BMI, and indeed they are correlated (Holland et al., 1993) .
But mass does not scale as the cube of height. Is there some other value p = 3 for which m ∼ h p ? All modern work is effectively confirmation and refinement of the observations of Quetelet (in French 1832-35; in English 1842) , that for growing children p ≃ 2.5 while among adults p ≃ 2. For adults, the current state of empirical understanding, distinguishing fat, muscle and bone, may be found in Heymsfield et al., 2007 (and references therein) . The key conclusion is that (despite variation in muscularity) levels of fat are maximally correlated with mh −p when p ≃ 2. For developing children, data sets typically show allometric scaling (i.e. p deduced from a good regression line of the logarithmic data) for ages five and up, with p in the range 2.5-2.8 (see for example Shiner et al., 2001 ).
However, an explanation of these facts is lacking. The purpose of this note is to suggest one by adapting an old biomechanical argument of Rashevsky (1938 Rashevsky ( , 1955 , originally applied to quadrupeds. The initial argument predicts p in the range 7/3 ≤ p ≤ 8/3. We then suggest some reasons why p might lie at the upper end of this range. Thus our model matches observations for children rather than adults-but this is quite reasonable, for scaling arguments have merit only where the range of the data is large. Finally we comment on the scaling of waist circumference, and the implications of the argument for adults. We test our ideas with simple regression analysis of the logarithmic data from British and Hong Kong schoolchildren: the results are consistent with our suggestions. Rashevsky (1938 , 1955 , echoed by McMahon, 1973 ) modelled quadrupeds as beams supported front and back, and deduced the scaling of mass with body length by imposing limits on body 'sag', the stress-induced curvature. Let us instead imagine a human torso as a cuboid block of breadth x, depth y and height z. It is supported on two hip joints a distance x (or at least proportional to x) apart. We will derive a scaling of torso mass m T (assumed proportional to torso volume xyz) with torso height z.
The biomechanical argument

Height
Standard results for elastic beams imply that the sag s at the mid-point between the hips is
where F is the downward force, here that of gravity and so proportional to xyz, and I A is the area moment of inertia, proportional to yz 3 . We then have
acceptable tendency to sag, imposing
for some fixed K. Then, at the limit, x 3 ∼ z 2 or x ∼ z 2/3 . This is the key scaling: it implies that m T ∼ z 5/3 y.
However, the argument tells us nothing about how y scales with x and z. The extreme possibilities are:
Thus, if we assume that overall mass m ∼ m T and that overall height z ∼ h, we have m ∼ h p for p in the range 2 1 3 -2 2 3 . We will parametrize this range by assuming that y scales principally as y ∼ z(x/z) α , with 0 ≤ α ≤ 1. Then p = 8−α 3 .
Torso depth
Can we further deduce the scaling of y ? -that is, determine α and thereby p ? Suppose we believe that humans have evolved for maximum adult bipedal stability. This amounts to requiring that, for a given mass and thus fixed xyz, the mass moment of inertia I M about an axis through the hip joints be minimized as a function of y. Assuming a roughly uniform density for the human torso (for although the true density is higher in the abdomen, this does not affect the implication),
This is minimized at the (fixed) ratio y/z = 2, which suggests that y should increase as rapidly as possible, y ∼ z and thus α = 0, p = 8/3, with m ∼ z 8/3 .
We might also consider heat loss. It is straightforward to show (we do not give details) that the ratio of torso surface area to mass decreases as mass increases, but does so most rapidly -i.e. adults' capacity to conserve heat is maximized -when y increases most rapidly with z:
that is, again, y ∼ z, α = 0 and p = 8/3. It is interesting to wonder whether the desirability of this differs between races, and whether this affects differences in BMI and its implications (Calle et al., 1999; Ruff, 2002) .
For a first test of our hypothesis we used data from schoolchildren in Hong Kong (aged 6-18; tables 1 & 2 of So et al., 2008) (with all multiple-R 2 ≃ 0.99). The British data gave p = 2.70 ± 0.05 (with R 2 > 0.99). This is all strikingly consistent with the ideas above. For girls, the Hong Kong figures were 2.88 ± 0.10, 2.93 ± 0.07 and 2.90 ± 0.04, while the British data gave p = 2.89 ± 0.08, all rather less so.
In mitigation, we note that birthing constraints have been at least as strong as structural ones in the evolution of the female pelvis (Stewart, 1984) , and lead to greater hip separation and thus larger p.
Waist circumference
We now consider waist circumference w, which we assume to scale principally as x(y/x) β for some unknown β with 0 ≤ β ≤ 1 -that is, somewhere between w ∼ x and w ∼ y. Then w ∼ z q , where
and thus q = 2/3 + β/3 − αβ/3. Our naïve rectangular torso has a waistline of w = 2x + 2y, but its shortcomings as a model are clear. An elliptical torso with breadth x and depth y,
with typical values of roughly y/x ≃ 2/3, would have w ≃ 2x + y (computed by linear approximation to the appropriate elliptic integral). So we can expect the scaling of w to be dominated by x rather than y, with perhaps β ≃ 1/4. With α ≃ 0 from our earlier arguments, we expect 2/3 ≤ q ≤ 1, and towards the lower end of the range. With β ≃ 1/4 we might expect q ≃ 3/4.
Again we can test this hypothesis. circumference to h q gives q = 0.68 ± 0.04 (boys; R 2 > 0.96) and 0.71 ± 0.02 (girls; R 2 > 0.99).
The UK data gave q = 0.82 ± 0.02 (boys) and 0.70 ± 0.03 (girls), both with R 2 ≃ 0.99.
Adults
We have not explained why, although developing children typically have p > 2.5, among adults rather p ≃ 2. As we noted earlier, however, scaling arguments have less merit where the range of the data is small, as here. In the derivation above, for p = 2 we would need the cross-sectional torso area to scale as z, rather than the naïve z 2 or the z 7/3 -z 8/3 found above. Why might this be so? Note that in our model y typically increases more rapidly with increasing height than does x, suggesting that taller individuals have thicker torsos, and presumably a stronger bound (2) as z increases. We do not have a biomechanical argument for this, but suppose that K ∼ z −4/5 and y ∼ x 3/2 . Then we would have x ∼ z 2/5 , y ∼ z 3/5
and p = 2.
Whether or not an argument along such lines is correct, the bound on x and constraints on y will certainly have to be relaxed to explain variation among adults. But then this might easily be so, with both superseded by other optimal-evolution arguments (Vaughan, 2003) .
Concluding remarks
For growing boys, at least, this model is strikingly consistent with the facts. A more detailed study would ideally look not just at the individual data at a single time, but rather at longitudinal data, of the growth patterns over a decade of many individuals.
For girls and women, we would hardly expect our argument to take precedence over childbearing constraints, and so are unsurprised to find larger p. But to explain p ≃ 2 among adult men some more subtle argument is surely needed.
